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ON THE GEOMETRY OF CLOSED G2-STRUCTURES
RICHARD CLEYTON AND STEFAN IVANOV
Abstrat. We give an answer to a question posed reently by R.Bryant, namely we
show that a ompat 7-dimensional manifold equipped with a G2-struture with losed
fundamental form is Einstein if and only if the Riemannian holonomy of the indued
metri is ontained in G2. This ould be onsidered to be a G2 analogue of the Goldberg
onjeture in almost Kähler geometry. The result was generalized by R.L.Bryant to losed
G2-strutures with too tightly pinhed Rii tensor. We extend it in another diretion
proving that a ompat G2-manifold with losed fundamental form and divergene-free
Weyl tensor is a G2-manifold with parallel fundamental form. We introdue a seond
symmetri Rii-type tensor and show that Einstein onditions applied to the two Rii
tensors on a losed G2-struture again imply that the indued metri has holonomy group
ontained in G2.
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1. Introdution
A 7-dimensional Riemannian manifold is alled a G2-manifold if its struture group
redues to the exeptional Lie group G2. The existene of a G2-struture is equivalent
to the existene of a non-degenerate three-form on the manifold, sometimes alled the
fundamental form of the G2-manifold. From the purely topologial point of view, a 7-
dimensional paraompat manifold is a G2-manifold if and only if it is an oriented spin
manifold [23℄.
In [11℄, Fernandez and Gray divide G2-manifolds into 16 lasses aording to how the
ovariant derivative of the fundamental three-form behaves with respet to its deomposi-
tion into G2 irreduible omponents (see also [7℄). If the fundamental form is parallel with
respet to the Levi-Civita onnetion then the Riemannian holonomy group is ontained
in G2, we will say that the G2-manifold or the G2-struture on the manifold is parallel.
In this ase the indued metri on the G2-manifold is Rii-at, a fat rst observed by
Bonan [1℄. It was shown by Gray [17℄ (see also [2, 25℄) that a G2-manifold is parallel
preisely when the fundamental form is harmoni. The rst examples of omplete parallel
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G2-manifolds were onstruted by Bryant and Salamon [5, 16℄. Compat examples of par-
allel G2-manifolds were obtained rst by Joye [19, 20, 21℄ and reently by Kovalev [22℄.
Compat parallel G2-manifold will be refered to as Joye spaes. Examples of G2-manifolds
in other Fernandez-Gray lasses may be found in [10, 6℄. A entral point in our argument
is that the Riemannian salar urvature of a G2-manifold may be expressed in terms of
the fundamental form and its derivatives and furthermore the salar urvature arries a
denite sign for ertain lasses of G2-manifolds [13, 3℄.
The geometry of G2-strutures has also attrated muh attention from physiists. The
entral issue in physis is that onnetions with holonomy ontained in G2 plays a rle in
string theory [14, 9, 24, 15, 18℄. The G2-onnetions admitting three-form torsion have
been of partiular interest.
In the present paper we are interested in the geometry of losed G2-strutures i.e.,
G2-manifolds with losed fundamental form (sometimes these spaes are alled almost
G2-manifolds or alibrated G2-manifolds). In the sense of the Fernandez-Gray lasses,
this is omplementary to the physiists requirement of three-form torsion [12℄. Compat
examples of losed G2-manifolds were presented by Fernandez [10℄. Supersymmetri string
solutions on losed G2-manifolds were investigated in [9℄, topologial quantum eld theory
on losed G2-manifolds were disussed in [24℄. Robert Bryant shows in [3℄ that if the
salar urvature of a losed G2-struture is non-negative then the G2-manifold is parallel.
The question whether there are losed G2-struture whih are Einstein but not Rii-at
then naturally arises. We investigate this question of Bryant in the ompat and in the
non-ompat ases.
In the rst version of the present artile [8℄ we answered negatively to the Bryant's
question, namely, we proved that there are no losed Einstein G2- strutures (other than
the parallel ones) on ompat 7-manifold. In [4℄ R.L.Bryant generalized this non-existene
result for losed G2-strutures on ompat 7-manifold whose Rii tensor is too tightly
pinhed.
In the present artile we obtain non-existene result involving third derivatives of the
fundamental form. Namely, we prove the following
Main Theorem. A ompat G2-manifold with losed fundamental form and harmoni
Weyl tensor (divergene-free Weyl tensor) is a Joye spae.
The seond Bianhi identity leads to
Corollary 1.1. A ompat G2-manifold with losed fundamental form and harmoni ur-
vature (divergene-free urvature tensor) is a Joye spae.
Corollary 1.2. A ompat Einstein G2-manifold with losed fundamental form is a Joye
spae.
The latter may be onsidered to be a G2 analogue of the Goldberg onjeture in almost
Kähler geometry (see e.g. [9℄).
The representation theory of G2 gives rise to a seond symmetri Rii type tensor on
G2-manifolds. Therefore one may onsider two omplementary Einstein equations. We nd
a onnetion between the two Rii tensors and show in Theorem 5.7, with no ompatness
assumption, that if both Einstein onditions hold simultaneously on a G2-manifold with
losed fundamental form then the fundamental form is parallel.
Our main tool is the anonial onnetion of a G2-struture and its urvature. We will
show that the Rii tensor of the anonial onnetion is proportional to the Riemannian
Rii tensor. This leads to the orollary that a ompat G2-manifold with losed funda-
mental form whih is Einstein with respet to the anonial onnetion is a Joye spae.
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Our main tehnial tool is an integral formula whih holds on any ompat G2-manifold
with losed fundamental form. We derive the Main Theorem as a onsequene of a more
general result ,Theorem 7.1, whih shows that the vanishing of the Λ27-part of the divergene
of the Weyl tensor implies that a losed G2-struture is parallel on a ompat 7-manifold.
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2. General properties of G2-strutures
We reall some notions of G2 geometry. Endow R
7
with its standard orientation and
inner produt. Let e1, . . . , e7 be an oriented orthonormal basis whih we identify with the
dual basis via the inner produt. Write ei1i2...ip for the monomial ei1 ∧ ei2 ∧ · · · ∧ eip . We
shall omit the
∑
-sign understanding summation on any pair of equal indies.
Consider the three-form ω on R7 given by
(2.1) ω = e124 + e235 + e346 + e457 + e561 + e672 + e713.
The subgroup of GL(7) xing ω is the exeptional Lie group G2. It is a ompat, onneted,
simply-onneted, simple Lie subgroup of SO(7) of dimension 14 [2℄.
The Hodge star operator supplies the 4-form ∗ω given by
(2.2) ∗ω = −e3567 − e4671 − e5712 − e6123 − e7234 − e1345 − e2456.
We let the expressions
ω =
1
6
ωijkeijk,
∗ω =
1
24
ωijkleijkl
dene the symbols ωijk and ωijkl. We then obtain the following set of formulae
ωipqωjpq = 6δij ,
ωipqωjkpq = −4ωijk,
ωijpωklp = −ωijkl + δikδjl − δilδjk,(2.3)
ωijpqωklpq = −2ωijkl + 4(δikδjl − δilδjk),
ωijpωklmp = δikωjlm − δjkωilm + δilωjmk − δjlωimk + δimωjkl − δjmωikl.
Denition 2.1. A G2-struture on a 7-manifold M is a redution of the struture group
of the tangent bundle to the exeptional group G2. Equivalently, there exists a nowhere
vanishing dierential three-form ω on M and loal frames of the otangent bundle with
respet to whih ω takes the form (2.1). The three-form ω is alled the fundamental form
of the G2-manifold M [1℄.
We will say that the pair (M,ω) is a G2-manifold with G2-struture (determined by) ω.
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Remark 2.2. Alternatively, a G2-struture an be desribed by the existene of a two-fold
vetor ross produt P on the tangent spaes of M .
The fundamental form of a G2-manifold determines a metri through gij =
1
6ωiklωjkl.
This is refered to as the metri indued by ω. We write ∇g for the assoiated Levi-Civita
onnetion, ||.||2 for the tensor norm with respet to g. In addition we will freely identify
vetors and o-vetors via the indued metri g.
Let (M,ω) be a G2-manifold. The ation of G2 on the tangent spae indues an a-
tion of G2 on Λ
k(M) splitting the exterior algebra into orthogonal subspaes, where Λkl
orresponds to an l-dimensional G2-irreduible subspae of Λ
k
:
Λ1(M) = Λ17, Λ
2(M) = Λ27 ⊕ Λ
2
14, Λ
3(M) = Λ31 ⊕ Λ
3
7 ⊕ Λ
3
27,
where
Λ27 = {α ∈ Λ
2(M)|∗(α ∧ ω) = −2α},
Λ214 = {α ∈ Λ
2(M)|∗(α ∧ ω) = α}
Λ31 = {t.ω| t ∈ R},
Λ37 = {∗(β ∧ ω)| β ∈ Λ
1(M)},
Λ327 = {γ ∈ Λ
3(M)| γ ∧ ω = 0, γ ∧ ∗ω = 0}.
The Hodge star ∗ gives an isometry between Λkl and Λ
7−k
l .
More generally, V d(λ1,λ2) will denote the G2 representation of highest weight (λ1, λ2) of
dimension d. Note that V 1(0,0)
∼= Λ31
∼= Λ41 is the trivial representation, Λ
1
7
∼= V 7(1,0) is the
standard representation of G2 on R
7
, and the adjoint representation is g2
∼= V 14(0,1)
∼= Λ214.
Also note that V 27(2,0)
∼= Λ327
∼= Λ427 is isomorphi to the spae of traeless symmetri tensors
S20V
7
on V 7(1,0).
3. Rii tensors on G2-manifold
Let (M,ω) be a G2-manifold with fundamental form ω. Let g be the assoiated Rie-
mannian metri.
RX,Y = [∇
g
X ,∇
g
Y ]−∇
g
[X,Y ]
is then the urvature tensor of the Levi-Civita onnetion ∇g of the metri g. The Rii
tensor ρ is dened as usual as the ontration ρij = Rsijs, where Rsijs are the omponents
Rsijk := g(R(es, ei)ej , ek)
of the urvature tensor with respet to an orthonormal basis e1, . . . , e7.
Denition 3.1. On (M,ω) we may dene a seond symmetri tensor ρ⋆ by
(3.4) ρ⋆sm := Rijklωijsωklm.
We will all the ρ⋆ the ⋆-Rii tensor of the G2-manifold.
The two Rii tensors have ommon trae in the following sense. Let s = trg ρ = ρii be
the salar urvature and let the trae of ρ⋆ be denoted by s⋆ = trg ρ
⋆ = ρ⋆ii.
Proposition 3.2. On a G2-manifold we have s
⋆ = −2s.
Proof. Apply (2.3) to the denition of s⋆ and use skew-symmetry of ∗ω and the Bianhi
identity to onlude that Rijklωijkl = 0. 
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Denition 3.3. We shall use the term ⋆-Einstein for G2-manifold (M,ω) when the trae-
less part of the ⋆-Rii tensor vanishes, i.e., when the equation
ρ⋆ =
s⋆
7
g
holds.
We dene assoiated Rii three-forms by
ρ⋆ijk := Rijlmωlmk +Rjklmωlmi +Rkilmωlmj,
ρijk := ρisωsjk + ρjsωski + ρksωsij.
In terms of the Rii forms, the Weitzenbök formula for the fundamental form an be
written as follows
Proposition 3.4. On any G2-manifold the following formula holds
(3.5) dδω + δdω = ∇g∗∇gω + ρ+ ρ⋆.

4. Closed G2-strutures
Let (M7, ω) be a G2-manifold with losed fundamental form. The two-form δω then
takes values in Λ214 [3℄. As a onsequene we get
Proposition 4.1. The following formulas are valid on a losed G2-struture:
(4.6) δωijωijk = 0, δωipωpjk + δωjpωpki + δωkpωpij = 0.

It is well-known [17℄ that a G2-struture is parallel if and only if it is losed and o-
losed, dω = δω = 0. The two-form δω thus may be interpreted as the deviation of ω from
a parallel G2-struture. We are going to nd expliit formulae for the ovariant derivatives
of the fundamental form of a losed G2-struture in terms of δω and its derivatives.
Denition 4.2. The anonial onnetion ∇˜ of a losed G2-struture may be dened by
the equation
(4.7) g(∇˜XY,Z) = g(∇
g
XY,Z)−
1
6
δω(X, ei)ω(ei, Y, Z)
for vetor elds X,Y,Z.
Using (4.6) it is easy to see that ∇˜ is a metri G2-onnetion, i.e., it satises
∇˜ω = 0, ∇˜g = 0.
The torsion T of ∇˜ is determined by
g(T (X,Y ), Z) =
1
6
δω(Z, ei)ω(ei,X, Y ).
On a ompat G2-manifold the anonial onnetion may be haraterized as the unique G2
onnetion of minimal torsion with respet to the L2-norm onM . It may also be desribed
by the fat that the dierene ∇g − ∇˜ takes values in Λ27, the orthogonal omplement of
g2 ⊂ Λ
2
with respet to the metri indued by g.
From the properties of the anonial onnetion and δω one derives
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Proposition 4.3. For a losed G2-struture the following relations hold:
∇giωjkl =
1
2
δωipωpjkl,(4.8)
∇giωjklm = −
1
2
(δωijωklm − δωikωlmj + δωilωmjk − δωimωjkl)(4.9)
and
(4.10) ∇g∗∇gωjkl =
1
4
‖δω‖2 ωjkl −
1
4
(δωipδωijωpkl + δωipδωikωplj + δωipδωilωpjk) .

Applying (4.7) and (4.8) we get that the urvature R˜ of the anonial onnetion ∇˜ is
related to the urvature of the Levi-Civita onnetion by:
Rijkl = R˜ijkl +
1
6
[∇giδωjp −∇
g
jδωip]ωpkl +
1
9
δωisδωjpωspkl −
1
36
[δωikδωjl − δωilδωjk]
(4.11)
5. Curvature of losed G2-strutures
From here on (M7, ω) will be a G2-manifold with losed G2-struture. We have
Proposition 5.1. The Rii tensors of a losed G2-struture (M,ω) are given by
ρlm = −
1
4
dδωsjmωsjl +
1
2
δωljδωmj ;(5.12)
ρ⋆lm = dδωsjmωsjl + δωljδωmj −
1
2
‖δω‖2 δml.(5.13)
Proof. The Rii identities for ω, ∗ω together with (4.8) and (4.9) lead to the following
useful
Lemma 5.2. If ω is a losed G2-struture on M
7
then
(5.14) ρsrωrkl +
1
2
Rskirωlir −
1
2
Rslirωkir =
−
1
4
(dδωsjp +∇
g
sδωjp)ωpjkl +
1
2
δωpjδωsjωklp.
(5.15) −Rsijrωrklm −Rsikrωjrlm −Rsilrωjkrm −Rsimrωjklr =
1
2
[(∇giδωsj −∇
g
sδωij)ωklm − (∇
g
iδωsk −∇
g
sδωik)ωlmj]
+
1
2
[(∇giδωsl −∇
g
sδωil)ωmjk − (∇
g
iδωsm −∇
g
sδωim)ωjkl]
−
1
4
[(δωijδωsp − δωsjδωip)ωpklm − (δωikδωsp − δωskδωip)ωplmj]
−
1
4
[(δωilδωsp − δωslδωip)ωpmjk − (δωimδωsp − δωsmδωip)ωpjkl]

Using (4.7) we get
(5.16) ∇gkδωisωism = ∇˜kδωisωism +
1
6
δωkrδωrqωsiqωism = δωkrδωmr,
sine ∇˜δω ∈ Λ214. If we multiply (5.14) by ωmkl and use the Bianhi identity as well
as (5.16) we obtain (5.12).
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Multiplying (5.15) by ωmlj , and again using the Bianhi identity (alternatively: multi-
ply (4.11) by ωklm), we get
(5.17) Rsilrωklr = (∇
g
sδωik −∇
g
iδωsk) +
1
4
(δωijδωsp − δωsjδωip)ωjpk.
From (5.17) we get that
ρ⋆km = Rsilrωklrωsim(5.18)
= dδωsikωsim −∇
g
kδωisωsim +
1
2
δωijδωspωjpkωsim.
The seond term is alulated in (5.16). The last term is manipulated using (4.6) and (2.3):
δωijδωspωjpkωsim = (−δωpjωjki − δωkjωjip) δωspωsim(5.19)
= δωsp (δωjpωkijωsim + δωjkωjipωsim)
= δωspδωjp (−ωkjsm + δksδjm − δkmδjs)
+ δωspδωjk (−ωjpsm + δjsδpm − δjmδps)
= −‖δω‖2 δkm + 4δωjmδωjk,
again, sine δω ∈ Λ214. Substituting (5.19) and (5.16) into (5.18) we obtain (5.13). 
The equality (5.16) leads to
(5.20) dδωsjmωsjm = 3 ‖δω‖
2 .
Taking the trae in (5.12) and using (5.20), we get the formula for the salar urvature of
a losed G2-struture disovered reently by Bryant in [3℄
Corollary 5.3. The salar urvature of a losed G2-struture is non-positive while the
⋆-salar urvature is non-negative. These funtions are given by
(5.21) s = −
1
4
‖δω‖2 , s⋆ =
1
2
‖δω‖2 .
In view of (5.21), the trae-free part of the Rii tensor ρ0 has the expression
(5.22) ρ0 = ρ+
1
28
‖δω‖2 g.
Denition 5.4. The anonial onnetion gives us a third Rii tensor whih we denote
by ρ˜:
ρ˜ij = R˜sijs.
Corollary 5.5. On a 7-manifold with losed G2-struture the Rii tensor of the anonial
onnetion is related to the Riemannian Rii tensor through the following formula
ρ˜ =
2
3
ρ.
Proof. Taking the trae of (4.11) we get
ρil = ρ˜il −
1
12
dδωpjiωpjl +
1
6
δωisδωls.
This equality and (5.12) ompletes the proof. 
Furthermore, we have
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Proposition 5.6. The Rii three-forms of a losed G2-struture are given by
(5.23) ρjlk = −
1
4
‖δω‖2 ωjlk − dδωjlk −
1
2
(δωliδωpiωpjk + δωkiδωpiωplj + δωjiδωpiωpkl)
(5.24) ρ⋆sik = 2dδωsik +
1
4
(δωijδωpjωpsk + δωkjδωpjωpis + δωsjδωpjωpki) .
Proof. Substitute (4.10) and (5.24) into the Weitzenbök formula (3.5) to get (5.23). The
yli sum in the equality (5.17) gives (5.24). 
Theorem 5.7. Let (M7, ω) be a G2-manifold with losed fundamental form. If (M,ω) is
Einstein and ⋆-Einstein then M is parallel.
Proof. Let (M,ω) be a G2 manifold with losed G2 struture ω. Suppose that both the
Einstein and ⋆-Einstein equations are satised. Proposition 5.1 in this ase yields
(5.25) δωijδωpj =
1
7
‖δω‖2 δip, dδωijkωijm =
3
7
‖δω‖2 δkm.
Taking into aount (5.25) and the equalities (4.10), (5.23), we obtain
ρ⋆ijk = 2dδωijk −
3
28
‖δω‖2 ωijk,
∇g∗∇gωijk =
1
7
‖δω‖2 ωijk,(5.26)
ρijk = −
3
28
‖δω‖2 ωijk.
In view of (5.26), the Weitzenbök formula (3.5) gives
(5.27) dδω =
1
14
‖δω‖2 ω.
Bryant shows in [3℄ that on an Einstein manifold with losed G2-struture the Λ
3
27-part
of dδω is given by the Λ327-part of ∗(δω ∧ δω). Comparing with (5.27), we see that the
Λ327-part of ∗(δω ∧ δω) vanishes. We need the following algebrai
Lemma 5.8. Let α be a two-form in Λ214. Then the Λ
3
27-part of ∗(α ∧ α) vanishes if and
only if α = 0.
Proof. First note that if α is a two-form in Λ214 then α⊗ α ∈ S
2Λ214 ⊂ S
2(Λ2). The spae
of symmetri tensors on Λ214 deomposes as follows
S2Λ214 = V
77
(0,2) + V
27
(0,2) + V
1
(0,0).
Reall that the map S2Λ2 → Λ4 given by β ∨ γ 7→ β ∧ γ is surjetive and equivariant. By
Shurs Lemma we may onlude that α ∧ α ∈ Λ427 ⊕ Λ
4
1 if α ∈ Λ
2
14.
Now suppose (α∧α)Λ4
27
= 0. We may then onlude that α∧α = c∗ω for some onstant
c. However, as α is a two-form on an odd-dimensional spae it is degenerate. Let X ∈ R7
be a non-zero vetor suh that X y α = 0. Then
cX y ∗ω = X y (α ∧ α) = 2(X y α) ∧ α = 0.
But the left hand side vanishes only if c = 0.
This shows that α⊗ α ∈ V 77(0,2) whenever α ∈ Λ
2
14 satises (α ∧ α)Λ4
27
= 0. But V 77(0,2) is
preisely the spae in whih the Rii-at Riemannian urvature of parallel G2-manifolds
takes values, whene ‖α‖2 = 0. 
Now, Lemma 5.8 implies δω = 0, whene ∇gω = 0. 
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Remark 5.9. R.L.Bryant observe [4℄ that the following identity holds
(5.28) ‖α ∧ α‖2 = 6 ‖α‖4 , α ∈ Λ214.
Clearly (5.28) implies the lemma. Note that the onstants have been hanged to t our
onventions.
6. An integral formula on losed G2 manifold
Our main tehnial tool to handle the losed G2-struture on a ompat manifold is the
next
Proposition 6.1. Let (M,ω, g) be a ompat G2-manifold with losed fundamental form.
Then the following integral formula holds:∫
M
( 1
24
‖δω‖4 +
28
9
||ρ0||2 −
7
18
ρ0plδωblδωbp −
7
9
(δR)bklωjklδωbj
)
dV = 0(6.29)
Proof. The rst Pontrjagin form p1(∇) of a onnetion ∇ may be dened by
p1(∇) :=
1
16π2
RijabRklabei ∧ ej ∧ ek ∧ el.
The rst Pontrjagin lass of TM whih is the de Rham ohomology lass whose represen-
tative element is the rst Pontrjagin form of a some ane onnetion on M is independent
of the onnetion on M . This implies that
(
p1(∇
g) − p1(∇˜)
)
is an exat 4-form. Sine
the fundamental form ω is losed, the wedge produt
(
p1(∇
g)− p1(∇˜)
)
∧ω is exat. From
Stoke's theorem we obtain
(6.30)
∫
M
(
p1(∇
g)− p1(∇˜)
)
∧ ω = 0.
However, we may also express the integrand in terms of the urvatures of ∇g and ∇˜
using that
16π2p1(∇
g) ∧ ω = RijabRklabωijkl = RabijRklabωijkl,
and
16π2p1(∇˜) ∧ ω = R˜ijabR˜klabωijkl.
From this point on the proof is essentially a brute fore alulation reduing the dierene
of these two expressions to the form (6.29).
Sine ∇˜ is a G2-onnetion we get
(6.31) R˜abijωijkl = 2R˜abkl.
Using (4.11), (2.3) and (6.31) we alulate
(6.32) 16π2p1(∇
g) ∧ ω = 2RklabR˜abkl −
2
3
(
dδωabp −∇
g
pδωab
)
ωpklRklab
−
5
18
δωaiδωbjωijklRklab +
8
9
δωakδωblRklab.
Applying (4.11) to (6.32) and using (2.3) we obtain after some alulations that
(6.33) 16π2p1(∇
g) ∧ ω =
2R˜klabR˜abkl +
(
dδωabp −∇
g
pδωab
)
ωpkl
(
−
2
3
Rklab +
1
3
R˜klab
)
+ δωaiδωbjωijkl
(
−
5
18
Rklab +
2
9
R˜klab
)
+ δωakδωbl
(8
9
Rklab −
1
9
R˜klab
)
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To alulate the p1(∇˜) term of the integrand we rst observe that (4.11) implies
(6.34) R˜ijkl = R˜klij +
1
6
(
dδωklp −∇
g
pδωkl
)
ωpij
−
1
6
(
dδωijp −∇
g
pδωij
)
ωpkl +
1
9
δωksδωlpωspij −
1
9
δωisδωjpωspkl.
Taking into aount (6.31), (6.34) and (2.3), we alulate
(6.35) 16π2p1(∇˜) ∧ ω = 2R˜klabR˜abkl −
2
3
(
dδωabp −∇
g
pδωab
)
ωpklR˜klab
−
4
9
δωaiδωbjωijklR˜klab +
8
9
δωakδωblR˜klab.
Subtrating (6.35) from (6.33) we get
(6.36) 16π2
(
p1(∇
g)− p1(∇˜)
)
∧ ω = A+B + C,
where A,B,C are given by
A =
(
dδωabp −∇
g
pδωab
)
ωpkl
(1
3
Rklab −
(
Rklab − R˜klab
))
(6.37)
B = δωaiδωbjωijkl
( 7
18
Rklab −
2
3
(
Rklab − R˜klab
))
(6.38)
C = δωakδωbl
(
−
1
9
Rklab +
(
Rklab − R˜klab
))
.(6.39)
We shall alulate eah term in (6.36).
First observe that (5.28) implies the useful identity
(6.40) 4δωaiδωbiδωajδωbj = ||δω||
4.
Taking into aount (4.11), (5.17), (5.12), (5.16), (5.19), (5.20) and (6.40) we obtain after
some alulation that
(6.41) A = −
19
24.7
‖δω‖4 +
1
3
‖dδωabp −∇
g
pδωab‖
2 −
8
3
||ρ0||2 +
4
3
ρ0spδωstδωpt
−
1
9
(
dδωabp −∇
g
pδωab
)
ωijpδωaiδωbj −
1
9
(
dδωabp −∇
g
pδωab
)
ωpklωsmabδωksδωlm.
Let Xs = Rakblωsakδωbl, Ys = δωblδωliδωbpωips. Using the rst and seond Bianhi
identity as well as (5.17), we get
Rklabδωakδωbl =
1
2
Rakblδωakδωbl(6.42)
= −
1
2
Rakbl∇
g
sωsakδωbl
=
1
2
δX +
1
2
Rakblωsak∇
g
sδωbl
=
1
2
δX +
1
6
‖dδω‖2 −
1
2
‖∇gδω‖2 +
1
4
∇gsδωblδωliδωbpωips
=
1
2
δX −
1
4
δY +
1
6
‖dδω‖2 −
1
2
‖∇gδω‖2
−
1
8
||δω||4 +
1
4
dδωsilδωblδωbpωips.
Applying (5.12) to (6.42), we obtain
(6.43) Rklabδωakδωbl =
1
2
δX −
1
4
δY +
1
6
‖dδω‖2 −
1
2
‖∇gδω‖2 +
1
28
‖δω‖4 − ρ0spδωstδωpt.
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Remark 6.2. Notie that (6.43) is the Weitzenbök formula
δdδω = ∇g∗∇gδω −
1
14
‖δω‖2 δω + ρ0(δω, .) + ρ0(., δω) +R(δω)
for the 2-form δω on a losed G2-struture.
Using (4.11), (5.28) and (6.43) we get that
(6.44) C = −
1
36
δ(2X − Y )−
25
63.16
‖δω‖4 −
1
54
‖dδω‖2 +
1
18
‖∇gδω‖2
+
1
9
ρ0spδωstδωpt +
1
6
(
dδωkls −∇
g
sδωkl
)
ωsabδωakδωbl.
Now we alulate B. Denote Za = Rklabωjklδωbj . Using (4.8) and (5.17) we have the
following sequene of equalities
1
2
Rklabδωaiωijklδωbj = Rklab∇
g
aωjklδωbj(6.45)
= −δZ + (δR)bklωjklδωbj −Rklabωjkl∇
g
aδωbj
= −δZ + (δR)bklωjklδωbj −
1
6
‖dδω‖2 −
1
2
‖∇gδω‖2
+
1
4
(
dδωabj −∇
g
jδωab
)
ωsljδωasδωbl
Applying (4.11), we get
(6.46) −
2
3
(
Rklab − R˜klab
)
δωaiδωbjωijkl =
−
1
9
(
dδωkls −∇
g
sδωkl
)
ωsabωijklδωaiδωbj
−
2
27
δωksδωlmδωaiδωbjωsmabωijkl.
Denote Vk = ωmabδωlmδωbjδωaiωijkl. Using (4.8), we obtain
1
2
δωksωsmabδωlmδωaiδωbjωijkl = ∇
g
kωmabδωlmδωaiδωbjωijkl(6.47)
= −δV −
3
2
(
dδωklm −∇
g
mδωkl
)
ωmabωijklδωaiδωbj .
Get together (6.45), (6.46) and (6.47) we obtain
(6.48) B = −
1
27
δ(21Z − 4V ) +
7
9
(δR)bklωjklδωbj −
7
54
‖dδω‖2 −
7
18
‖∇gδω‖2
+
1
9
(
dδωklm −∇
g
mδωkl
)
ωmabωijklδωaiδωbj
+
7
36
(
dδωabj −∇
g
jδωab
)
ωsljδωasδωbl.
Colleting terms from (6.41), (6.44) and (6.48) we obtain the following expression
(6.49) 16π2
(
p1(∇
g)− p1(∇˜)
)
∧ ω = δ
(
−
1
18
X +
1
36
Y −
7
9
Z +
4
27
V
)
−
139
18.56
‖δω‖4 −
1
27
‖dδω‖2 −
8
3
||ρ0||2
+
7
9
(δR)bklωjklδωbj +
1
4
(
dδωkls −∇
g
sδωkl
)
ωsabδωakδωbl +
13
9
ρ0plδωblδωbp.
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We express the last two terms in a more tratable form. Applying (4.6) we have
dδωabpδωaiδωbjωpij = −dδωabpδωai
(
δωpjωibj + δωijωbpj
)
= −dδωapbδωaiδωbjωipj − dδωabpδωaiδωijωbpj,
whene
(6.50) dδωabpδωaiδωbjωpij =
1
2
dδωabpωbpjδωaiδωji = −2ρajδωaiδωji +
1
4
||δω||4,
where we used (6.40) and (5.12).
The next equalities are a onsequene of (5.12), (5.28) and (5.16)
∇gsδωklωsabδωakδωbl = δY +
1
4
||δω||4 −
(
dδωsak −∇
g
aδωks
)
ωsabδωklδωbl(6.51)
= δY + 4ρkbδωklδωbl.
Substitute (6.50), (6.51) into (6.49), use (5.12) and integrate over the ompat M to get∫
M
(
−
11
18.28
||δω||4 −
1
27
||dδω||2 −
8
3
||ρ0||2 −
1
18
ρ0plδωblδωbp+(6.52)
7
9
(δR)bklωjklδωbj
)
dV = 0.
We alulate from (5.23) that
(6.53) ||dδω||2 =
15
28
||δω||4 + 12||ρ0||2 − 12ρ0plδωblδωbp.
Substitute (6.53) into (6.52) to obtain (6.29). 
Corollary 6.3. (Integral Weitzenbök formula.) On a ompat G2 manifold with
losed fundamental form we have∫
M
Rakblδωakδωbl dV =
∫
M
(1
3
‖dδω‖2 − ‖∇gδω‖2 − 2ρspδωstδωpt
)
dV.
Proof. The rst Bianhi identity implies Rakblδωakδωbl = 2Rklabδωakδωbl. Apply (5.22) to
(6.43) multiply by two and integrate the obtained equality over the ompat manifold to
get the result. 
7. Proof of the Main Theorem
We onsider the o-dierential of the Weyl tensor, δW as an element of T ∗M⊗Λ2(T ∗M).
Aording to the splitting of the spae of two forms, δW splits as follows
δW = δW 214 ⊕ δW
2
7 ,
where δW 214 is a setion of T
∗M ⊗ Λ214(T
∗M) ∼= R7 ⊗ g2 while δW
2
7 is a setion of T
∗M ⊗
Λ27(T
∗M).
The Main Theorem is a onsequene of the following general
Theorem 7.1. Let (M,ω, g) be a ompat G2-manifold with losed fundamental form ω.
Suppose that the Λ27-part of the o-dierential of the Weyl tensor vanishes, δW = δW
2
14.
Then (M,ω, g) is a Joye spae
Proof. On a 7-dimensional Riemannian manifold the Weyl tensor is expressed in terms of
the normalized Rii tensor h = −15
(
ρ− s12g
)
as follows
Wijkl = R
g
ijkl − hikgjl + hjkgil − hjlgik + hilgjk.
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The seond Bianhi identity implies
(7.54) ∇giρjk −∇
g
jρik = (δR)kij , dsi = 2∇
g
jρji, (δW )kij = −4
(
∇gihjk −∇
g
jhik
)
.
The ondition of the theorem reads
0 = (δW )kijωijl =
4
5
(
∇giρjk −∇
g
jρik
)
ωijl −
2
15
dsiωikl.
Consequently,
(7.55)
4
5
(δR)kijωijlδωkl =
(
∇giρjk −∇
g
jρik
)
ωijlδωkl = 0,
sine δω ∈ Λ214.
To apply eetively our integral formula (6.29) we have to evaluate one more term.
Denote Ki = ωijlρjkδωkl. The equation (7.55) together with (5.12) leads to the equality
δK = −
1
2
ρjkδωjlδωkl − 2||ρ||
2
whih implies, by an integration over the ompat M , that
(7.56)
∫
M
ρjkδωjlδωkl dV = −4
∫
M
||ρ||2 dV.
The equalities (7.55), (7.56), (5.22) and (6.29) yield∫
M
( 1
24
||δω||4 +
14
3
||ρ0||2
)
dV = 0.
Hene, Theorem 7.1 follows. 
Clearly, our Main Theorem follows from Theorem 7.1. 
Corollary 5.5 and the main theorem lead to
Theorem 7.2. Any ompat 7-manifold with losed G2-struture whih is Einstein with
respet to the anonial onnetion is a Joye spae.
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